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The probability of magnetic and nuclear magnetic recoilless spin-flip scattering in magnetic 
crystals is calculated as a function of temperature. This is an elastic spin-flip scattering process 
in which the angular momentum is absorbed by the whole crystal. The probability of elastic scat-
tering in a ferromagnet is proportional to the squared magnetization and plays the same part as 
the Debye-Waller factor in the Mössbauer effect. 

Neutrons of low energy interacting with a mag-
netic crystal are subject to nuclear scattering as well 
as to magnetic scattering by the magnetic moment 
of the electronic shells. Each of the cross sections 
for these two major types of scattering is of the 
order of one barn. Nuclear scattering includes both 
scattering by nuclear forces (true nuclear scatter-
ing) and magnetic nuclear scattering which is due to 
the interaction of the magnetic moment of the neu-
tron with that of the nucleus if the latter is present. 
Magnetic nuclear scattering amplitudes are about 
three orders of magnitude smaller than electronic 
ones. They include the nuclear magneton /un squar-
ed, whereas ordinary magnetic scattering amplitudes 
depend linearly on jiin , along with the Bohr-magne-
ton /.iß . Thus nuclear magnetic scattering is usually 
neglected. A s we shall see, at very low energies 
( 1 0 - 6 — 1 0 - 7 eV) nuclear spin-flip scattering is 
energetically forbidden under certain conditions. It 
is only in this case that nuclear magnetic scattering 
has to be taken into account. 

Our major interest will be in elastic spin-flip pro-
cesses in which the spin of the neutron is reversed 
and the crystal as a whole absorbs the angular mo-
mentum. This is analogous to elastic Bragg scatter-
ing or to recoilles ^-emission (Mössbauer-effect). 
However, in this case the scattering is recoilless with 
respect to the spin, which means that no spin-recoil 
should appear. By spin-recoil we mean the absorp-
tion of angular momentum by interal modes of the 
crystal: flipping of the spin of a nucleus, emission 
of a spin wave, etc. 

As in the case of recoilless X -Ray scattering or 
the Mössbauer-effect we shall derive a temperature 
dependent probability for transitions occurring with-
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out spin-recoil. It turns out that this probability is a 
monotonically decreasing function of the tempera-
ture, like the Debye-Waller factor. 

W e shall first derive the contribution of the nu-
clear magnetic scattering to the recoilless spin-flip 
amplitude. 

1 . Scattering by Or iented A t o m i c Nucle i 

1.1. The Spin-Orbit Transitions 

In an internal magnetic field H the fractional 
number of nuclei with magnetic quantum number 
m, g{m,T), is determined by a Boltzmann factor: 

, exp {-W(m0)/kBT} m 
g(m0,l) -j UJ 

2 exp {-VT(m)/kBT}. 
m= —1 

Here W (m) = — yn junH m = — b I is the orienta-
tion energy of the nuclear spin I, / in the nuclear 
magneton, yn the gyromagnetic coefficient of the 
nucleus, jun the corresponding gyromagnetic fac-
tor, b = yn / / n H. T the temperature and kR Boltz-
mann's constant. Due to the large values of the 
field H at the positions of the nuclei, in some crys-
tals 1 the nuclear orientation will be effective at tem-
peratures below 1 0 0 ° K . The corresponding internal 
fields are 1 0 6 Oe and more ( 4 ± 1 10 6 Oe in Th 1 5 9 

at 7 7 ° K for instance). 

The Hamiltonian of the neutron and the scatter-
ing nucleus is 

HNd = _ (h2/2 mN) V 2 - b I + (c + d I s) dr (2) 
+ ( £ / r 3 ) [ 3 ( I r / r ) ( s r / r ) - I « ] . 

W e denote the spin of the neutron (all angular mo-
menta are expressed in units of h) by S, the position 
vector of the neutron with respect to the nucleus 
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by r, and 

2 7i h 2 fl0/ + fll(/+ 1) 
m x 

n * — R rr F 
+ d0, E = — 7n 

2 / + 1 

4 tt h 2 at — a0 _ 8 7i E 
m x 2 / + 1 ~ 3 

Here a 0 and aj are the nuclear scattering amplitu-
des corresponding to states with total spin I and 
/ + j , 7 N = 1*91 the gyromagnetic coefficient of the 
neutron, ray the mass of the neutron and <5(f) the 
three dimensional Dirac delta function. The third 
term of Eq. (2 ) is essentially the nuclear interaction 
which is described with a Fermi-potential. The 
fourth term, together with that part of the preceding 
one which is proportional to e, is the magnetic di-
pole-dipole interaction of the neutron and the nu-
cleus. 

The total spin projection Iz + sz is not a conserved 
quantity 

Uz + , Wtfn] = -bxIy + by lx 

+ (3 £ /r 4) [{lyx-Ixy) (ST/r) 
+ (Ir/r){syX-sxy)]* 0 (4) 

nor is the orbital moment of the system Lz 

[Lz, = - (3 e/r4) [{Iyx-lxy){S r/r) 

+ (Ir/r)(syx-sxy)]. (5) 

If we choose the z-axis in the direction of b, which 
is the direction of the internal field H, the terms in-
volving bz and by will disappear from Eq. ( 4 ) . Then 
]z = Iz + sz + Lz is a conserved quantity. Note that in 
the absence of the last term of Eq. (2 ) both the total 
spin projection Iz + sz and Lz are conserved. 

The magnetic dipole-dipole interaction allows for 
transitions in which the total spin projection lz + sz 

changes by 1 or 2 units. Let us call them spin-orbit 
(s.-o.) transitions. In a spin-orbit scattering process 
the orbital momentum projection of the initial state 
differs from that of the final state by the same 
amount as the change in Iz + sz; the total angular 
momentum is thus conserved. The nuclear scattering 
described by the third term of Eq. ( 2 ) does not in-
volve s.-o. processes. 

There are certain s.-o. processes in which / , is 
constant. They simply yield a spin-flip scattering 
without spin-recoil. If in addition no phonons are 
produced, the spin-flip scattering is completely elas-

tic. The recoilless spin-flip scattering (r.s .f . ) by 
oriented nuclei is due only to the s.-o. processes 
generated by the magnetic dipole-dipole interaction 
of the neutron with the nucleus. The corresponding 
scattering amplitude will be very small, because £ 
is a small parameter. W e shall see in Sect. 2 that 
much larger r.s.f. amplitudes can arise from mag-
netic scattering by the electronic shells. This is ab-
sent, however, if the electronic shells are magneti-
cally compensated. W e shall thus briefly examine 
the nuclear and nuclear-magnetic scattering ampli-
tudes before turning to the main magnetic scatter-
ing. 

1.2. Nuclear Scattering Amplitudes 

In order to obtain the scattering amplitude in the 
first Born-approximation, we write Eq. ( 2 ) : 

m a = m n + V (6 ) 
with 

W'n=-(h2/2mN)V2-bI. (7) 
W e obtain the first-order correction to the wave-

function, , from the Schrödinger-equation 

CHL-£) vt = -Vxpt* (8) 

Here 

xp£(r,M,S) = e x P ( i k e r ) Q m n ( M ) a)Vt(S), (9 ) 

ViT ( r ,M ,5 ) = e x P ( i k e r ) Q m o ( M ) co_Vj(S), (10) 

describes the state in the absence of the interaction 
V, Qma(M) is the spinfunction of the nucleus with 
I z = 77TQ and w ± i / j ( 5 ) that of the neutron with 

sz=±\. 

The calculation has been performed to second 
order 1 but all s.-o. processes were omitted from the 
beginning. W e shall use a similar approach here, 
limiting ourselves to first order but including all 
s.-o. processes. It turns out that for very low ener-
gies the second order correction is negligible, pro-
portional to the wavevector of the neutrons. 

The Green-function of Eq. (8 ) can be calculated 
from 

(UL -E)G(r, r ' , M, M\ S, S') = ö(r- r') c W dss-. 
(11) 

With 

k (m) = Vk2+ (m-m0) -2 mN b/h2 (12) 
we obtain 

G(r, r',M,M',S,S') = 
my 

2 71 h2 
y y exp{ i k(m) | V — r' j} 

r-r Qm(M) Q*m{M') ajg(S) cos(S'). (13) 
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This yields 

W — 2 2 J d V G(r, r , M, M', S,S') ( 1 4 ) 
M' S ' 

•|(c + l 8 d ) <5(r') + ~ 3 lyl ' - I s | exp { i fce r ' } -Q W , (M') c o ± V l ( S ' ) . 

Performing the integration we finally obtain 

wt ('r,M,S) = [ / t f o ) ± V i ( 5 ) + co ± o > ± V i ( S ) ] ( e ^ / r ) ( M ) ( 1 5 ) 

+ [ / & © ± V i ( S ) +f±co±l/l(S)](eik'rlr) amt+1(M) + [/**= o>±.,f(S) + / f ' ± w ± >/i (5) ] {eik"lr/ r) Qmt _ i (A/), 

where the upper + and — signs correspond to the " u p " and " d o w n " spin states of the incident neutrons 

tnt (m^/2 Jih2) [c+^m0d0 + 2n em0 sin2 G0]; (16) 

/ f ± = (m^/2 h2)£m0 sin 2 0O; cos 0O = e^(fe0 - fee)/| k0 - ke |, | k0 | = | ke | = k(m0); (17) 
fnt = ± (ms/2 h2) \eV{I- m0) (7 + m0 + lYsin 2 0'; cos 0' = e2• (fc' — fce) /| fc' — Jfee 1» k' = k(m0 + 1); 

(18) 

/f'±= (ms/2jzh2) V(I-m0)(I + m0 + l) [U0 + ne(l + cos20')] 5 (19) 
/ ; - = _ ( T O n / 2 fc2) £ ] / ( / - m 0 ) ( / + m 0 + 1) sin2 0 ' ; 

/ n ? = ± ( m x / 2 fc2) ifi l / ( / + m 0 ) ( / — m 0 + 1) sin 2 0 " ; cos 0 " = e* - ( f c " - fce)/| - fce |, = Ä(m 0 - 1 ) ; 

(20) 

/ f ' + = - (m x /2 fc2) £ 1/(7 + m 0 ) ( 7 - ^ 0 + 1) sin2 0 " ; (21) 
f{~ = {mx/2 7th2) V(I + m0) (I — m0 + l) Qd0 + Ji e(l + cos20")] . 

The subscripts " n f " and " f " distinguish non-spin-flip and spin-flip amplitudes. The initial magnetic quan-
tum number of the nucleus is m0 . k0, k' and k" are the wave-vectors of the outgoing waves, corre-
sponding to the final nuclear states m 0 , m0-f 1 and m 0 — 1. Note that f i t , f f ^ a n d /f " a r e the dominant am-
plitudes which are allowed by the nonmagnetic nuclear interaction and which correspond to AL Z — 0. All other 
amplitudes are about 3 orders of magnitude smaller, involving s.-o. processes [AL — 2 , ALZ= ± 1, ±2) 
which are due only to the nuclear magnetic dipole-dipole interaction. 

1.3. Nuclear Cross-Sections 

If no other interaction is present, as in the absence of a magnetic moment of the electronic shells, 
we obtain from Eqs. ( 1 6 ) — ( 2 1 ) the following cross sections for the 6 channels involved (for any initial 
direction of polarization) 

alt = ("W2 71 k 2 ) 2 [c2 + i m2 d02 + 4 TI2 e2 m 0 2 sin4 0 O , ± c m d0 ± ( 2 c ± m 0 d0) 2 ji e m 0 sin2 0 O ] ; ( 2 2 ) 

0 ? ± ( m ) = ( m x / 2 f c 2 ) 2 £ 2 m 2 2 0 o ; ( 2 3 ) 

a ^ ( m ) = ( m x / 2 h2)2 \e2{I — m) (7 + m + l ) sin2 2 0 o R e + 2 m x b/h2 k02; ( 2 4 ) 

O F ± ( m ) = ( m x / 2 . - r ^ 2 ) 2 ( / - m ) (7 + m + l ) d02 + n2 e2{1 + C O S 2 0 " ) 2 ( 2 5 ) 

+ t i (/0 £ (1 + cos2 0 ' ) ] Re 1 / 1 + 2 m x b/h2 k02; 

Of-(m) = (mx/2 h2)2 e2 (I — m) (7 + m + l ) sin4 0'Re ] / l + 2 ms b/h2 k02; (26) 

0 ; ' f ± ( m ) = ( m x / 2 h2)2 J £ 2 ( 7 + m) ( 7 - m + l ) sin2 2 0 " Re 1 / 1 - 2 myb/h2 k02; ( 2 7 ) 

1 K . BINDER a n d H . R A U C H , N u k l e o n i k 1 1 , 1 1 3 [ 1 9 6 8 ] . 
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G F ' + ( M ) = ( m x / 2 f c 2 ) 2 £ 2(7 + m) ( 7 - m + l ) s i n 4 0 " Re ] / l - 2 msb/h2k02; ( 2 8 ) 

Of-(m) = (ms/2jzh2)2 (I + m) ( 7 - m - f 1) [ i rf02 + £ 2 ( 1 + cos2 9")2 ( 2 9 ) 

+ <f0 £ (1 + cos2 0 " ) ] Re l / l - 2 m N 6 /fc2 &02-

Here we dropped the lower 0-index of m. Taking 
the real part of the square root which occurs in the 
o' and o" cross sections involves a low energy cut-
off in half of them. This happens if the reorientation 
of the nucleus is endoenergetic and the energy of the 
incoming neutrons is smaller than this reorientation 
energy. Then the transition is energetically forbid-
den, and only the s.-o. spin-flip transitions ( 2 3 ) are 
allowed at lower energies. The cutoff will be quite 
sharp. For most nuclei y x < 0 and thus b < 0 lead-
ing to cutoffs of the o cross sections only. Con-
versely, for nuclei with y x > 0 , the a " ' s will contain 
the low-energy cut-off. Typical values of the cut-off 
energy b are very small; 6 Ä ; 2 - 1 0 - 5 eV for H = 
4 10 7 Oe. 

W e denote by p0 ? the component of the polariza-
tion of the incident neutrons in the z-direction. This 
is twice the mean s^value. Then we obtain for the 
total differential cross section o and for the corre-
sponding spin-flip probability Q : 

o = ig(m,T) [id+pte) o+ (m) [ ( w ) - p0z) 

<?=-=- 2 g(m,T)tia+Poz) of+(m) (31) 
O O m= - i 

+ £ ( 1 - PO*) 0F~ ( " » ) ] 

where from Eqs. ( 2 2 ) - ( 2 9 ) 

o± (m) = oj^f (m) + Of1 (m) ( 3 2 ) 

= o® f ±(m) +Onf=(m) + 0 n f ± ( m ) + o P ± ( m ) 

+ 0 f ± ( m ) + 0 n f ± ( r a ) . 

1.4. Spin-Flip Scattering by Nuclear Tensor Forces 

W e described the interaction of the neutron with 
the nucleus by a spherical symmetric Fermi-poten-
tial. If the nuclear spin is different from zero, non-
central (tensor-) forces are also present. The cor-
responding s.-o. ampltiudes at low energies are much 
less than the magnetic nuclear ones and are evident-
ly negligible. This is a consequence of the short 
range of nuclear forces for which only 5-wave scat-
tering is important. 

For instance, if we perform the phase shift ana-
lysis, we obtain, in the case of low energy scattering 
by protons, s.-o. amplitudes which are about Q k02 

times the normal ones 2 ' 3 . Here Q is the quadrupole 
moment of the deuteron ( « 2 . 7 3 8 - 1 0 2 7 c m 2 ) . The 
s.-o. amplitudes are negligible for energies less than 

5 M e V . For incident energies of 1 eV we obtain 
Q k 0 2 ^ 1 0 ~ 9 and the energies of interest are below 
1 0 - 3 eV . 

1.5. Spin-Flip Scattering by a Lattice 
of Oriented Nuclei 

In the case of a Bravais lattice with only one nu-
clear species with spins not correlated with position, 
we can easily perform the summation over the lat-
tice points. Using Eq. ( 5 6 ) we obtain the following 
differential cross section per nucleus for scattering 
without phonon-exchange 

on f = [ (2 71 ) 3 /F 0 ] 2 e - 2 r • H l + Poz) {\f°J I2 (fee - feo - T ) + (k'/k0) | / ; f + 1 2 <3 (fce - fc0 - T ) 
T 

+ ( * " / * o) l / n f + l 2d(k
e
-k"~ T ) } + [ ( 2 n)*/V

0
] le-™' (1-p<>,) {\hftf\2 d(k

e
-k" - x) 

x 

+ (k'/ko) | / ; r | 2 < 5 ( f c e - f e ' - T ) + (k"/k0) | / r f - | 2 < H f c e - f c " - T ) } ( 3 3 ) 

where e~2w is the Debye-Waller factor described in Sect 2 . and 

I _____ 
/ = 2 /(m) g(m, T), k'/k0 = Re + 2 mx b/h2 k02, k"Jk0 = Re - 2 mx b/h2 k02. (34) m=—l 

V0 is the volume of the unit cell and r is a reciprocal lattice vector multiplied by 2 n. In Eq. ( 3 4 ) f{m) 
is any one of Eqs. ( 1 6 ) — ( 2 1 ) . 

2 J. M. BLATT and L. C. BIEDENHARN, Phys. Rev. 86, 399 3 L. HULTHEN and M. SUGAWARA, Handbuch der Physik, 
[1952] and 93,1387 [1954]. Vol. 39, p. 83, Verlag Springer, Berlin 1957. 
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In the same way we obtain 

°f = [ (2 ) 3/V0] g (1 + Poz) {|/f° + I2 a ( f e e - f c o - T) + (k'/k) \f'f + \2d(ke-k'-x) 
T 

+ ( r A o ) j / f ' + |2 <5 (fee - FE" — T ) } + [ ( 2 r r ) » / P 0 ] I e " 8 r • * U - p 0 , ) ( 1 / 7 " |2} <5 (fee - fe0 - T ) 
T 

+ ( f e ' A ) l / f " N ( f e e - f e ' - T ) + ( & 7 * o ) | / 7 ~ |2 $ (fee fe" T ) } . ( 3 5 ) 

Using Eqs. ( 3 3 ) and ( 3 5 ) we obtain the corresponding spin-flip probability 

Q = o{/o with o = GIlf + o f . ( 3 6 ) 

This Q is a function of the observation direction and of the temperature, as we see from Eq. ( 1 ) . 
If we include only the first term of each bracket in Eq. ( 3 5 ) we obtain from Eq. ( 3 6 ) the probability 

of recoilless spin-flip scattering 

Q0 = 0 f ° /a = ( I / o ) 2 [ (2 n) 3 /2 V0] e~~w { ( 1 + p0z) | / f 0 + |2 + ( 1 - p 0 J | f t i 2 } Ö (fee - fe0 - T ) . ( 3 7 ) 
T 

Q° contains only the elastic s.-o. processes which arise from the magnetic nuclear scattering. 

2. Magnetic Scattering by Oriented Atoms in Ferromagnetic Crystals 

2.1. Conserved Quantities and Spin-Orbit Transitions 

In order to describe the scattering by the electronic shells of the magnetic atoms in a crystal we start 
from the Hamiltonian 

qr h 2 2 _ v [ [ * f t o - r y ) ] [ q N ( r j - r N ) ] o ^ s , 1 
W m = - + 2 r - — I B T^ r 18 + 4 8l 6 (rl ~ FN) 

2 ms j i [ Ti — Ts | — Ts | I 
( 3 8 ) 

where S/ is the spin of the Zth electron, is the 
Pauli spin operator, and were again the subscript N 
distinguishes quantities characterizing the neutron. 
The index j runs over the atoms and / over all elec-
trons of the crystal. is the Bohr-magneton and H ; 

the Hamiltonian of yth atom. The interaction which 
appears in Eq. ( 3 8 ) is a sum of magnetic dipole-
dipole interactions of the magnetic moment of the 
neutron with the spins of the electrons. The inter-
action with the orbital magnetic momenta of the 
electrons has been omitted. This approximation is 
trivially good for atoms in an S state, fair for 3d 
atoms whose orbital ground state is a singlet and 
poor for most other cases (e. g. for rare earths). In 
the last case, for small scattering vector q {q~x> 
atomic radius) we obtain a good approximation just 
replacing the spin of the atom Sj in the matrix ele-
ment ( 4 3 ) by Lj + 2Sj which is proportional to its 
total magnetic moment. 

A s was the case for nuclear magnetic scattering 
it is easy to see that sz + Sz is not conserved 

+ + 0 ; ( 3 9 ) 

4 0 . HALPERN and M. H. JOHNSON, Phvs. Rev. 55, 898 
[1939]. 

sz is the z-component of the neutron spin and Sz 

that of the total electronic spin in the crystal. De-
noting by £ z the z-component of the total electronic 
orbital agular momentum and by Lz that of the 
neutron, 

[ £ , , W m ] + 0 , [ L , , H m ] + 0 . ( 4 0 , 4 1 ) 

Only the total angular momentum is conserved 

[ 5 , + S , + £ , + I „ W m ] = i Q . ( 4 2 ) 

From Eq. ( 3 8 ) one can derive the following form 
of the interaction in the momentum-representation 
( H A L P E R N and J O H N S O N 4 ) 

4 TI H 2 

VPP = " r0 2 F j ( q ) exp{ i q Rj} ( 4 3 ) 
mN y -[SjS~(eSj)(es)] 

where r0 = e 2 / m 0 c2 is the electromagnetic radius of 
the electron, R j is the position of the ; t h atom in the 
lattice, q = p' — p is the scattering vector, e = q/q 
the corresponding unit vector, S j the total electronic 
spin of the ; t h atom and 

F,(q) = j '/y 2 e x p i ^ r z ^ ( 4 4) 
r = 1 1) 
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the magnetic formfactor of the yth atom. lFj is the 
wavefunction of the Zj electrons. 

In Eq. ( 4 3 ) the elementary scatterers are lattice 
points. W e shall use the form ( 4 3 ) throughout this 
paper. In the case of very slow neutrons ( 1 0 - 3 e V 

and below) the formfactor becomes a constant. It is 
then interesting to see what the conserved quantities 
are. If the lattice points are considered to be identi-
cal, the index j of the formfactor can also be drop-
ped. W e obtain 

[sz + Sz , !Hm] pp = - ( 4 71 fc2/mN) r0 Fl. exp{* q Rj} [ - (ex Sjy - ey Sjx) (C S) - ( e x sy - ey sx) (C Sj) ]; 

( 4 5 ) 

[Lz > Hm]p'p = (qy-3/3gx - qx-d/dqy) VPP = - (4 a H2/mN) r0 ys F2exp{* q Rj} -{[(ex Sjy - ey Sjx) (e S) 
+ (ex sy - ey sx) (eS})]+ i(Xj qy - Yj qx) [Sj S - (C Sy) (C S) ] } ; (46) 

[Lz, Wm] pp = (4 7i h2/mx) ro 7N i F 2 exp{iq R , } (Xj qy - Yj qx) [Sj 8 - (e Sj) (e 8) ] . (47) 
i 

W e have denoted the sums over the spins and over the orbital momenta of the atoms by S and we put 
RjX = X j , etc. If we add Eqs. ( 4 5 ) , ( 4 6 ) and ( 4 7 ) , we obtain Eq. ( 4 2 ) again. W e observe that now 

+ + Lz is nearly conserved. Indeed the nonconservation of this quantity is due only to a small geo-
metrical effect. This effect is due to the angular momentum which corresponds to the transferred momen-
tum q, as referred to the center of inertia of the crystal. It means that the angular momentum of the crys-
tal £ is not perfectly separable from the relative orbital angular momentum L of the system crystal-neutron. 

From Eq. (7 ) and ( 8 ) we see that s.-o. transitions will result from the term (<?S ; ) ( e s ) of the Hamil-
tonian. This results in elastic spin-flip scattering as in the case of nuclear magnetic scattering. The pos-
sible channels, as well as their angular dependence are exactly the same as for nuclear magnetic scattering. 

In order to include the inelastic processes in which phonons and spin waves participate, we shall now 
apply the Van Hove time-dependent formalism 5 . 

2.2. Elastic and Inelastic Magnetic Scattering 

The general expression for the cross section in the Van Hove formalism is 

d 2 o m5r 

dQdEp' (2TZ)*h5 p 
\ df exp{ (i/h) (Ep> - Ep) t} (Vp'p (0 ) Vpp (t)) ( 4 8 ) 

where Vp'p (t) is the interaction matrix element in the Heisenberg representation, d Q the element of solid 
angle and the averaging is done with the statistical operator including spin average if the polarization of 
the neutrons is not analysed. If we insert the matrix element ( 4 3 ) in Eq. ( 4 8 ) , we obtain for the total 
magnetic scattering by the electronic shells of the atoms 

J a i r I I < e x p { _ f , B j ( 0 ) } ( 4 9 ) 
•exp{i q Rj'(t)) ( 5 / ( 0 ) S / ( * ) ) d f . 

Here we assumed that spin-lattice correlations are negligible so that the average which enters Eq. ( 4 8 ) is 
factorizable. If we neglect interactions between the spins, the integral in Eq. ( 4 9 ) yields 

70 = i e x p { i q ( R j - R r ) } S(S + 1) (5 (Ep- - Ep) daß dJf ( 5 0 ) 

which corresponds to the paramagnetic case. If spin interactions are not neglected, we write the correlation 
functions which appear in Eq. ( 4 9 ) in the following w a y : 

(exp{ — iq Rj(0) } - e x p { j q Rj'(t) } ) = ( e x p { —iq Rj(0) } - e x p { i q R / ( oo ) } } ( 5 1 ) 

+ [ ( e x p { - i q R J - ( 0 ) } - e x p { i q R / ( 0 } > - (exp{ - i q R}(0)}-exp{i q Ry( oo)})] , 

5 L . V A N HOVE, P h y s . R e v . 9 5 , 2 4 9 , 1 3 7 4 [ 1 9 5 4 ] . 
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( 5 / ( 0 ) S / W ) = ( 5 / ( 0 ) ) ) + [ ( 5 / ( 0 ) 5 / ( 0 ) - ( 5 / ( 0 ) S / ( o c ) > ] . ( 5 2 ) 

In Eqs. ( 5 1 ) and ( 5 2 ) the first terem yields the elastic part of the scattering. Indeed, there should not be 
any correlation at t = oo ; thus the correlation functions are factorizable for t = oo. A s they do not contain 
the time any more, one obtains an energy-conserving (5-function from the integral in Eq. ( 4 9 ) charac-
teristic of elastic processes. 

Finally, we write the integral which occurs in Eq. ( 4 9 ) as follows: 

/ = ( e x p { - i q Rj}> ( e x p { i q Ry]) ( 5 / ) ( 5 / ) 6 (Ep- - Ep) 
— oo 

+ ( 5 / ) ( 5 / ) 2^^^[(exV{-iqR}(0)}-exp{iqRj'(t)})-(exp{-iqRj}){exV{iqRj'})] d t (53) 
oo 

— oo 

+ ( e x p { - i q Rj}) ( e x p { ; q Ry}) ~ h J [ ( 5 / ( 0 ) 5 / ( 0 ) - ( 5 / ) < S / > ] dt + . . . . 

oo 

The term not included in Eq. ( 5 3 ) involves the inelastic scattering of neutrons by at least one phonon 
+ one spin wave, i . e . multi-quanta processes not already included in ( 5 3 ) . Multi-quanta processes are 

negligible at temperatures which are low compared to both the Debye and the Curie temperatures of the 
crystal. 

2.3. The Mössbauer-Eßect and the Zero-Magnon Probability 

a) The Mössbauer-Effect 

If we restrict ourselves to the first two terms of Eq. ( 5 3 ) , decompose the position vectors Rj in mean 
value and fluctuation Rj = Rj° + Uj and express Uj in terms of phonon creation and annihilation opera-
tors, we obtain 

/ ' = exp{i q(Rj'O - R ; ° ) } ( 5 / ) < 5 / } e x p { - 2 Wq}\d(Ep- - Ep) +1 | ^ ^ J k ) 6Xp{'' *(R'° ~ R/°} (54) 

• [ 1 + n , ( k ) ] a ( 2 y - E p + ha>0(k)) + jjj] f ^ ^ y exP{ - i k ( R j ° - R / ) } ne(k) 

•d{Ep'-Ep-h(o0(k))-f . . . J 

where the dots indicate multi-phonon terms. In Eq. ( 5 4 ) we put 

Wq = (h/2MN) l([qe0(k)]2/coQ(k)) [nQ(k) + J] ; (55) 

exp{ — 2 Wq} is the Debye-Waller factor, e0 are the unit polarization vectors of the 3 acoustical phonon-
branches, M, N the mass and the number of lattice atoms, nQ(k) the Bose-expectation number of phonons 
at the temperature T. The first term in the curly brackets of Eq. ( 5 4 ) corresponds to elastic scattering, 
the second to the emission of one phonon and the third to the absorption of a phonon. 

A s we shall see, any average ( 5 / ) does not depend on j. The sum over j and / which is present in 
Eq. ( 1 1 ) can then be performed using 

I exp{ i n R ; ° }| 2 =[(2 71) VF0] N I d(n - t ) ( 5 6 ) 
j T 

where V0 is the volume of a unit cell, N the total number of lattice points, 2 a vector of the reciprocal 
T 

lattice multiplied by 2 n and 11 an arbitrary vector. W e obtain 
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2 / ' = [ ( 2 ^ 3 / F 0 ] / V ( S * > ( ^ ) 2 e x p { - 2 r T } \-{d(Ep'-Ep) d(q-x) (57) 

hla p (k) l2 

+ 2 ^ / , -Jiy [ 1 + ( f c i ] ( * V - £ , + >i «>„ ( k ) ) <H<| - k - 1 ) 

+ Y ^ f S S M * > k » . ( * > >*<q + * - T) } . 

In order to remove the ^-functions, we integrate over Ep and p ' . In the last two terms of Eq . ( 5 7 ) q is 
replaced thus by x ± k. The presence of k along with x does not introduce difficulties because co0(k) 
= a)0(— k), n0(k) =n0( — k) in the sums, and e o k = 0 for the values of Q which correspond to trans-
versal phonons. In longitudinal phonon terms k2 is negligible compared to r 2 . Neglecting again multi-
phonon effects, e x p { — JF T ±* } can be replaced by exp{ — 2 JFT} in the last two terms of Eq. ( 5 7 ) . Fi-
nally, we obtain 

H I / ' dE,' d V = [ (2 n)*/V9]N(S°) (&)} I 
i,i' T 

• H < - 2 ^ + « p < - 2 t l + 2 m * ) ] + . . . } • ( 5 8 ) 

The first term in curly brackets is the probability of recoilless (i. e. elastic) scattering. This also repre-
sents the probability for the Mössbauer-effect which is the recoilless emission of a / -quantum of momen-
tum q. It is essentially a function of the ratio of temperature to Debye-temperature for the given crystal. 
The second term is the probability of one-phonon exchange scattering (emission or absorption of a pho-
non) . The points correspond to multi-phonon processes. The sum of all probabilities is 1, as we can 
easily verify with the aid of Eq. ( 5 5 ) : 

exp{ - 2 Wx) {1 + I ^ ^ ^ ^ [1 + 2 n0 (k) ] + . . . } = exp{ - 2 JF,}exp{2 W,} = \. (59) 

b) The Zero-Magnon Probability 

Let us restrict our considerations to the first and third terms of Eq. ( 5 3 ) . Then 

I" = e x p { i q (Rj'° - Rj°)} • exp{ - 2 Wq) • j ( S f ) ( 5 / ) <3 (Ep- - Ep) ( 6 0 ) 

+ Ynh L [ ( 5 / ( 0 ) S i ' H t ) ] ~ ( S n { S f ß ) ] ' 

W e start from the simple Heisenberg-model of a ferromagnet, with the Hamiltonian 

7i= - 2 J (Rj - Rj') (SJ Sr) -2 juH 2 Sj2. (61) 
;'+;" i 

At low temperatures, the spin components can be expressed in terms of magnon creation and annihilation 
operators with the aid of the Holstein-Primakoff transformation 

Sj+ V2S bj, Sj~ e* V2S bj+, SjzmS~bj+bj (62) 

where Sj± = Sjx± Sjy. If we pass from the Bose creation and annihilation operators bj+ and bj to their 
Fourier components 

bj= ~wlexp{ikRj°}-bk, bj=^Iexp{-ikRj°}-bi, (63) 

the Hamiltonian is diagonalized up to second order in the b's 

H=Zekbk; eu = 2S ][J(R)(l-exp{ikR}) +2/uH. (64) 
k R 
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In the case of a cubic (simple, face centered or body-centered) crystal with a lattice-constant a we get 

£k = 2 S J0 a2 k2 + 2 /.I H . (65 ) 

Here / 0 is the interaction integral J (R) for next neighbors, , « S the magnetic moment of the electronic 
shell of the atom, S its spin and H a static magnetic field. 

If we include the factor daß — e a eß of Eq. ( 4 9 ) we obtain 

2 (*aß-eaeß) ( 5 / ( 0 ) 5 / ( 1 ) ) = ft 5 / 5 / + S f 5 / ) + ( 5 / 5 , - ) 

*ß - ( t i (Sj+ e~ + Sf e+) + Sf ez] [ i ( 5 / e " + Sy~ e+) + 5 / ez]) 

= i ( [ 5 / ( 0 ) SfU) + 5 f ( 0 ) 5 / ( 1 ) ] > [1 + (em)2] + ( 5 / ( 0 ) 5 / ( 0 ) [1 - ( e m)2] 

5 
2 N 2 [eXp{ i ( feR;° —fc' R / ) } ' (bk(0) bk'(t) 

+ exp{ - i(k R,° - k' Rj-0)} • (bk(0) bk- (t))] [ 1 + (e m ) 2 ] 
l 

+ < 5 - ^ 7 2 exp{ —ik R j 0 } ' exp{ i k' R / } • bk (0 ) M 0 ) 
iV k,k' 

5 4 2 exp{ — i k1 R j ' 0 } ( 6 7 ) 
V ft!,*!' 

• e x p { i f c / R / } ( 0 6*x'(«) > [ 1 - ( e m ) 2 ] . 

W e denoted by Wl the unit vector of magnetization wThich is supposed to be in z-direction. The non-dia-
gonal correlations ( 5 / ( 0 ) 5 / ( 0 ) , ( • $ / (0 ) S / ( « ) ) and ( 5 / ( 0 ) Sf* (t)) were neglected in Eq. ( 6 6 ) 
because they were comparatively small at low temperatures. In Eq. ( 2 7 ) 

(bl (0) bw (0 ) ) = (bk (t) bk' ( t ) ) = (n(k)) dkk' = (exp {ß ek} - 1) <W (68) 

is the Bose-statistical expectation value of the magnon-number in equilibrium at the temperature 1 f ß . 
According to Eq. ( 6 4 ) 

oo 

2 ^ exp{ (ijh) (Ep- - Ep) t] • (bk (0) bi(t)) dt = [ 1 + n(fc) ] 6 (Ep> - Ep + ek), (69) 
— oo 

oc 

2 J exp{ (i/h) (Ep> - Ep) t) • (bi(0) bk(t)) dt = n(fc). (70) 
— oo 

Thus we obtain from Eq. ( 6 7 ) 

oc 

2 (Kß-eaeß) exp {(i/h) (Ep--Ep) t}(S?( 0 ) 5 / ( 0 ) d t = I exp {* fc(R/> - R/)} ( 7 1 ) 2 71 n J aß k 
— oc 

• [1 + (e m)2] (5/2 N) [(1 + n (fc)) 5 (Ep> -Ep + ek)+n(k) d(Ep> - E p - ek) ] 
+ [ 5 2 - ( 2 5/yV) 2n(k))d(Ep'-Ep) [1 -(em)2]. 

k 

From Eqs. ( 6 2 ) and ( 6 3 ) one gets 

( 5 / ) = daS(5/) = <5a3 [ 5 - (l/N)In(k)]= Öa35(7). ( 7 2 ) 
k 

W e see that the mean values of the spin-components perpendicular to the direction of magnetization vanish. 
The mean value in the direction of magnetization is denoted by 5 ( 7 " ) . Introducing Eqs. ( 7 1 ) and ( 7 2 ) 
into Eq. ( 6 0 ) , we obtain 

2 (Kß - e« €ß) ] I" = exp{ i q (Rj'° - R / > ) } exp{ - 2 Wq) • I5 2 (T) [ 1 - (e m ) 2 ] d (Ep- - Ep) ( 7 3 ) 
a/3 I 

+ 2exp{ifc(R;-°-R/)} - [ 1 + (em)2] ( 5 / 2 TV) [ ( 1 +n(k)) d(Ep>-Ep ) +n(k) d(Ep- - Ep - ek) ]J. 
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From the arguments of the ö-functions we see that the first term in curly brackets corresponds to elastic 
scattering and the second to the inelastic one-quantum scattering. The same was true for Eq. ( 6 0 ) already. 
Summing over j and j we obtain, analogous to E q . ( 5 7 ) 

2 2 (daß - eß) 1" — [ (2 TT) 3 /F 0 ] N 2 exp{ -2Wq}' lS2(T) [1 - (e m ) 2 ] d(q - x ) d (Ep> - Ep) (74) 
jj' <*ß T I 
+ 2 [ 1 + ( e m ) 2 ] ( 5 / 2 A r ) [ ( l + n ( f c ) ) ^ ( q - f e - x ) d(Ep'-Ep + et) +n(k) d(q + k-x) d(Ep--Ep-ek)] J 

As in Eq. ( 5 8 ) we shall again integrate over Ep' and p ' thus removing the (^-functions. In fact we are 
not interested here in a direction-analysis of the outgoing neutrons. It is rather the mean probability for 
elastic and inelastic processes which we are interested in. Correspondingly, in Eq. ( 7 4 ) we average over 
the directions of k and x which are subject to summations. W e get h for the average of ( e m ) 2 . W e ar-
rive finally at 

J J 2 2 (Saß - ea eß) I" dEp> d V = (2Tf- N 2 exp{ - 2 F x } } 5 ( 5 + 1) (75) 
jj' aß y 0 -c 

5 2 ( r ) ' 1 2 [1 + 2 n(k) ] ] . 5(5+1) N(S+1) k 

The first term in the curly brackets is here the zero magnon probability which we shall denote by x. 
x corresponds to the Debye-Waller factor which occurs in the Mössbauer-effect and in the elastic nuclear 
scattering of neutrons ( 5 8 ) . The second term is the probability for emission or absorption of a spin-wave 
in the scattering process. The sum of these probabilities yields again 1. This is obvious if we insert again 
the expression ( 7 2 ) for S2(T) and take into account the fact that the sum over k contains just N terms 

[1/5(5+1) ] [52 - (2 S/N) 2>( fc ) ] + [ l / ( 5 + l ) ] n + (2/7V) 2 n(k) ] = 1 . (76) 
k k 

W e observe that exp{ —2 W q ) still appears in Eqs. (73) —(75). It expresses the probability 
that no phonons will be emitted or absorbed in the process. In the same way the factor 
(5 / ) (5;-,/?) = (5„3 <5̂3 S2{T) in Eq. (58) is necessary to ascertain that no spin-waves are changed in 
the process. 

If we include multi-magnon scattering in our considerations taking further terms of ( 6 2 ) and ( 6 3 ) into 
account in Eq. ( 6 7 ) , supplementary terms will appear in the curly brackets of Eq. ( 7 5 ) . They correspond 
to additional terms of higher order which also appear in the expression for S2(T). Thus, they will again 
cancel and the normalization of probabilities ( 7 6 ) will still be valid. 

If we restrict ourselves to spin-flip scattering only, the zero-magnon probability will be different from 
x = S2(T) / 5 ( 5 + 1 ) which is relative to the total scattering. W e obtain the zero-magnon probability for 
spin-flip scattering, x{, by multiplying with the spin-flip probability for elastic scattering ()° from Eq. 
( 8 5 ) and dividing by the total spin-flip probability Q [Eq. ( 9 5 ) ] : 

*f = ( Q ° / Q ) " - ( 7 7 ) 

2.4. Cross Sections of the Elastic and Inelastic Magnetic Scattering 

If we replace the integral which occurs in Eq. ( 4 9 ) by Eq. ( 1 5 ) we obtain, with the aid of Eqs. ( 5 7 ) 
and ( 7 4 ) , the complete differential cross section for magnetic scattering, per atom 

RLRR ( 2 J Z ) 3 ( 

= ( ro 7k) 2 F- (q) exp{ - 2 Wq) 2 1 5 2 ( T ) [ 1 - ( e m)'] 6 (q - x ) d (Ep> - Ep) ( 7 8 ) 

+ + (em)2]2[(l + n(k))d(q-k-z)d(Ep'-Ep + ek) +n(k) Ö(q + fc-x) d{Ep'-Ep-e(k))] 
p 2 TV k 

+ p ~ 5 2 ( T ) [ l - ( e m ) 2 ] [(l+n(k))d(q-k-x) d(Ep>-Ep + Kco9(k)) 
p k 2 M TV co0(K) 1 

+ n(k) diq + k-r) d(Ep'-Ep-hco0(k))]\. 
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The first term corresponds to elastic scattering. The second describes the scattering with emission of a 
magnon [the part with l + n { k ) ] and with absorption of a magnon [the part proportional to n ( f c ) ] . In 
the same way, the last term represents magnetic scattering with emission or absorption of a phonon 
(magnetovibrational scattering). 

2.5. Spin-Flip in the Elastic Scattering 

In order to include the interference of magnetic scattering with nuclear scattering we shall treat the 
problem of elastic scattering of polarized neutrons starting from the total (nuclear, nuclear magnetic and 
magnetic) scattering amplitude. W e have to insert into Eq. ( 4 8 ) 

(2 ^ 1 
Cj + \ dj I a + 2 .T E[ Ja — (I e) ( o e ) ] - r0 yN Fj(q) [SjO - ( e S ; ) ( e a ) ] E X P ^ q R , } . m s J 

( 7 9 ) 

a is the Pauli spin operator of the neutron. The third term in the curly brackets is the matrix element of 
the last term of Eq. ( 2 ) . The polarization of the incident neutrons is given by the polarizaton vector p 0 

which is twice their average spin. This corresponds to the spin density matrix 

e= i ( 1 + P o O ) ; («> = K o > = JTr * o ( l + p 0 o ) = ^Po . (80) 

po2 was previously introduced in Sect. 1 .3 . 
Inserting Eq. ( 7 9 ) in Eq. ( 4 8 ) and calculating the trace with o we obtain the differential cross section. 

o° = [A2 + B2 M2 + 2 A B (M p0) ] - exp{ - 2 W,} 2 <5 (q - * ) ( 8 1 ) 

for the elastic coherent scattering of neutrons with the initial polarization p 0 . W e have used the well known 
expressions for the traces of products of Pauli matrices and we introduced the notations 

A =(mx/2jih2) [c + ̂ md0(mp0)]; M = m- (em) e, 

B = (ms/h2) em-r0 F(q)S(T); m= 2 mg(m, T). (82) 
m=—l 

Here A is the coherent nuclear scattering amplitude, B is the magnetic and nuclear-magnetic scattering am-
plitude and g(m, T) is defined by Eq. ( 1 ) . The last term in the square brackets of Eq. (81 ) describes the 
interference of nuclear and magnetic scattering. Except for nuclear magnetic scattering, Eq. ( 8 1 ) corre-
sponds to previous calculations 6 ' 

The polarization of the scattered neutrons is twice the mean value of the spin 

Tr [Q(V;'paV,/p)] 

Tr [Q(V+P'PVp'p)] • [ ' 

If we calculate the traces we obtain 7 ' 8 

A2p0 + B2[2M(Mp0)~Jl2p0]+2ABM 
P A2 + B2M2 + 2AB(Mp0) ' [ ' 

Let us analyse the scattered neutrons in the direction of polarization of the incident neutrons p 0 . In 
order to calculate the spin-flip probability for elastic scattering Q°, we consider a completely polarized 
incident beam ( p 0 j = 1 ) . Q° is then given by the difference of the final and initial polarizations 

no i n n n l _ B2[M2-(MPo)2] Q = H l - P Po) ,0 - 1 - A 2 + B 2 M 2 ^ 2 A B ( M p o ) • ( 8 5 ) 

6 A. W. SAENZ, Phys. Rev. 119. 1542 [I960], 8 Yu. A. IZYUMOV and S. V. MALEEV, Zh. Eksperim. Teor. 
7 Yu. A. IZYUMOV. Usp. Fiz. Nauk 80, 41 [1963]; engl transl. Fiz. 41, 1644 [1961] ; engl, transl. Soviet Phys.-JETP 14, 

Soviet Phys.-Usp. 16, 359 [1963], 1168 [1962], 
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If we multiply Eq. ( 8 1 ) by Q 0 , we obtain the elastic spin-flip cross section 

o°f = B2[M2-(Mp0)2] i i ^ e x p { - 2 Wq}- I d ( g - T ) . (86) 
V 0 r 

The corresponding non-flip cross section will be 

önf = [A + B M p 0 ] 2 exp{ — 2 Wq}' ][ d(q — t) . (87) 
V 0 T 

If we add Eq. ( 8 6 ) and ( 8 7 ) , Eq. ( 8 1 ) results: o° = o ® f + o p ; Q = o{/o. Note that changing p 0 to - p 0 

does not change the spin-flip scattering, whereas onf is changed by the interference term. This is just the 
term which yields a polarization of the scattered neutrons if unpolarized neutrons interact with a ferro-
magnet. This is observed in Eq. ( 8 4 ) too. The resulting polarization lies in the direction of the mag-
netization-component which is perpendicular to q. It is produced by the non-flip scattering alone. 

If p 0 = + W I one gets the cross sections o ? * and Onf1 from Eqs. ( 8 6 ) and ( 8 7 ) . The angular depen-
dence is the same as in Eqs. ( 2 3 ) , ( 2 2 ) , ( 3 5 ) and ( 3 3 ) 

M 2 - ( M p 0 ) 2 = i s i n 2 2 0 o ; ( M p 0 ) 2 = sin4 0O ( p 0 = ± m , cos 60 = m e ) . ( 8 8 ) 

The elastic spin-flip scattering described by Eq. ( 8 6 ) corresponds to transitions in which AL = 2 , ALZ = ± 1. 
These are spin-orbit transitions, as defined in Sect. 1 . 1 , which result in spin-flip without spin-recoil. Instead 
of scattering by a nucleus, we are dealing here with scattering by the whole crystal, although the cross sec-
tion is devided by N. The essential point is that spin-flip processes occur in which angular momentum is 
transferred to the crystal as a whole. 

2.6. Inelastic Spin-Flip Scattering 

The elastic spin-flip scattering which was treated in the last section is dominant at low temperatures 
(compared with the Curie temperature). At higher temperatures inelastic spin-flip processes are important 
also. These do not contain interference terms because the energies and wave vectors of neutrons magneti-
cally scattered in various inelastic channels are different. These wave vectors are not equal to those of the 
neutrons which are subject to nuclear scattering. W e shall insert again the amplitude ( 7 9 ) in Eq. ( 4 8 ) . 
This time, however, we restrict ourselves to the last term of Eq. ( 5 3 ) , which describes scattering with emis-
sion or absorption of spin-waves. For neutrons with the initial polarization p 0 , the differential cross section 
per atom, for one-magnon scattering is 

O ' - " = (r0 7N) 2 F2(q) I 5 exp{ - 2 Wq} • [1 + (e m)2 + 2 ( e m ) (e p 0 ) ] ( 8 9 ) 

• 2 J < W p ' / p ) M f c ) + i ± i ] d(q + k - x ) Ö(E,'-Ep±et). 
T 

The upper signs in this formula refer to scattering with emission of a spin-wave (o ' ) and the lower to 
scattering with absorption ( a " ) . The polarization of the inelastically scattered neutrons is determined8 

from Eq. ( 8 3 ) to be 

, „ ± 2 ( e m ) e + 2 X ( X p 0 ) + 2 Y ( Y p 0 ) - (X2 + Y2) p 0 

p 1 + ( e m ) 2 + 2 ( e m ) ( e p 0 ) ' ( j 

W e have chosen the z-axis in the direction of Itl and put X = Ux+ (€ Uz) e, Y = Uy+ (B Uy) e . Ux and 
Uy are the unit vectors in the x and y directions. 

From Eq. ( 9 0 ) we obtain the spin-flip probabilities Q''" 

l + ( e m ) 2 + 2 ( e m ) ( e p 0 ) - [pox-ex(ep0)]2- [poy-eu(ep0)]2 

1 + (em)2 + 2(em) ( c p 0 ) 
( 9 1 ) 
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If we multiply this expression by </• " from Eq. ( 8 9 ) , we obtain the spin-flip cross sections for inelastic 
coherent one-magnon scattering ( p 0 = 1) 

< y " = [ 1 + (e m ) 2 + 2 (e m) (e p0) - (X p0)2 - (Y p0)2] (r0 / N ) 2 F2{q) ^ 5 e x P { - 2 Wq) ( 9 2 ) 

•Ijd3k(p'/p) [n(fc) d(q + k- r) d(Ep- - Ep±Sk). 
T 

Multiplying Eq. ( 8 9 ) by 1 — Q ' " yields the non-flip cross sections for inelastic scattering ( p 0 | = l ) 

a'/' = [ (X p0)2 + (Y p0)2] (ro n ) 2 F2(q) \ S exp{ - 2 Wq} ( 9 3 ) 

•2Jd3A;(p7p)[n(fc) d(q + k-x) d(Ep- - Ep±ek). 

A s before, the primed quantities refer to scattering 
with emission of a magnon (in which case the upper 
signs are applicable). 

The angular dependence of Of' and o n f is the 
same as for the corresponding nuclear magnetic 
quantities in Eqs. ( 2 4 ) — ( 2 9 ) if we put p 0 = ±ffl . 
Indeed, for p 0 = Ttl we obtain from Eqs. ( 9 2 ) and 
( 9 3 ) 

Of'" ~ (1 + cos2 0 ) 2 ; o * - sin2 2 0 ( 9 4 ) 

where 0 is the angle of the scattering vector q with 
the z-axis. 

The total spin-flip probability Q, which corre-
sponds to the total (elastic and inelastic) scattering, 
can be calculated as follows 

Q = o{/o, o = anf + Of, 

Onf = o2f + o2f m ) + ö n f m ) + öfnD) + °nf D ) ( 9 5 ) 

Of = o°{(m) + o p n ) + o'f'(m) + O f ( n ) + 0 f ' ( n ) . 

The elastic cross sections a® and Onf are given by 
Eqs. ( 8 6 ) and ( 8 7 ) . They include all types of scat-
tering: nuclear, magnetic and nuclear magnetic, as 
well as the inteference terms. The magnetic cross 
sections O f ^ a n d 0f.nfl) are given by Eqs. ( 9 2 ) and 
( 9 3 ) . The coresponding nuclear and nuclear mag-
netic cross sections 0f.nf and 0f.n?^ are easily extract-
ed from Eqs. ( 3 3 ) and ( 3 5 ) . 

2.7. The Temperature-Dependence of Neutron 
Scattering without Spin-Recoil 

The zero-magnon probability x which was de-
fined in Sect. 2 . 3 is proportional to S2(T). It thus 
has the same temperature-dependence as the square 
of the magnetization in the ferro-magnetic scatterer 9 . 
From Eqs. ( 7 1 ) , ( 7 2 ) and ( 7 5 ) we get 

( 9 6 ) S2(T) = S2 - (2 S/N) 2n(k) 
k 

S2-2 S 
d3k V„ 

(2 n ) 3 J exp{/? D k2} — 1 

where we have put 2 S J0a2 = D in Eq. ( 4 5 ) and 
ß=l/k^T as in Eq. (48). At low temperatures 
( ß D ^max ^ 1) the upper limit of the integral in 
Eq. ( 9 6 ) can be extended to infinity 

5 2 ( 7 ) = 5 2 — 2 5 
K 1 dx 

( 9 7 ) 
(2 TT)3 \ß D] J e* — 1 

= Sr — 0,117 S(kß Tj2 ]0Sy<\ 

Here we have inserted the numerical value of the 
integral in terms of the /^-function and of the Rie-
mann t-function, - T ( f ) C ( | , l ) , supposing F0 = a3. 
Finally we obtain the zero-magnon probability 

* = [ s 2 ( r ) ] / [ s ( s + i ) ] 
= [ 5 - 0 , 1 1 7 (kBT/2 J0 5 ) v ' ] / [ 5 + l ] ( 9 8 ) 

= 1 - [ 1 + 0 , 1 1 7 ( ^ 7 / 2 Jo 5 ) v , ] / [ 5 + 1 ] • 

The second term in the last expression is the prob-
ability for excitation of a spin-wave by the scatter-
ing neutron. Its dependence on temperature is the 
same as that of the magnetization in the ferro-mag-
netic scatterer. 

The zero-magnon probability for spin-flip scat-
tering is given by Eq. ( 7 7 ) with Eqs. ( 8 5 ) and ( 9 5 ) . 
The factor Q°/Q does not change the temperature-
dependence significantly. 

3. Recoilless Spin-Flip in Antiferromagnets 
and Ferromagnetic Spirals 

Let us consider a simple antiferromagnet consist-
ing of two sublattices. Equation ( 5 6 ) is applicable 
for the summation in each sublattice. If both sub-
lattices consist of the same type of atoms, the mag-
netic unit cell will be two times greater than the 
chemical cell. Denoting by Vßm the volume of the 
magnetical unit cell, by T m / 2 TI a vector of the corre-

9 C. KITTEL, Quantum Theory of Solids. Wiley & Sons, New-
York 1963. 
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sponding reciprocal lattice and by r 1 2 the vector 
linking one atom to a neighboring atom of the sec-
ond sublattice, we obtain, using the notation of 
Sect. 2 . 5 , 

o? = 2 B2 [ M 2 - (M po) ] (1 - cos q r1 2) ( 9 9 ) 

• [ (2 *)*/V0m] • exp{ - 2 wq}- 2 d(q-xm), 
Tm 

oSf = 2 [A2 (1 + COS q r1 2) + B2 (1 - cos q r12) M p 0 ] 
• [ (2 n)3/F0m] -exp{ - 2 Wq} • 2 d{q - im). 

T m 

(100) 

These cross sections can be compared to the corre-
sponding results in ferromagnets, Eqs. ( 8 6 ) and 
( 8 7 ) , and also refer to one atom. The spin-flip prob-
ability for elastic scattering will be 

<?o = 0f7(tf f °+o° f ) ( 1 0 1 ) 

= [A/2 — ( M p 0 ) 2 ] + M 2 1 7 1 

B- 1 — cos q r12 

At low temperatures inelastic scattering can be neg-
lected and thus Q0 can be identified with the r.s.f . 
scattering probability Q. 

In a ferromagnetic spiral the orientations of the 
spins as one goes from an atom to the next change 
periodically and the period of this variation does 
not coincide with the period of the crystal lattice. 
This results in a helical structure 

Sj = V m +|S 0 ~ exp{ - i k0 R ; } • m+ ( 1 0 2 ) 

+ \ 5 0 + exp{t k0 Rj} • 

where S0Z is the ferromagnetic component of the spi-
ral, S 0 + and S0~ are also constants, 1tl+ = Ux + iUy, 
mT = UX — i My and Ux , tly are unit vectors in the 
base plane. fc0 a n d the unit vector Til are directed 
along the axis of the helix, which is the z-axis. If 
we repeat the calculations of Sect. 2 .5 , we obtain 
the elastic cross sections 

O f V = Of,nf + Of,If + Of03nf ( 1 0 3 ) 

where op1 and are again given by Eqs. ( 8 6 ) and 
( 8 7 ) with S*(T) replaced by ( 5 0 2 ) 2 in Eq. ( 8 2 ) . 
The additional terms Of.̂ f and öp3f are characteris-
tic of scattering in ferromagnetic spirals yielding 
a satellite maximum on each side of the usual mag-

1 0 C . KITTEL, R e v . M o d . Phys . 2 1 , 541 [ 1 9 4 9 ] ; LANDOLT-
BÖRNSTEIN, „Zahlenwerte und Funktionen", Vol. 2, part 9, 
Springer, Berlin 1962. 

netic maxima 

op2'03 = [ i + ( e m ) 2 + 2 ( e m ) ( e p , ) (104) 
- ( X p 0 ) 2 - ( Y p 0 ) 2 ] • ( r 0 y y ) 2 F 2 ( q ) (S^)2 

•-^j^exp {-2Wq}- 2 d(q + k- t). 
y o T 

[ (Xp0)2 + (Yp0)2] • (r, 7n)2F2(q) (S^)2 

. - ^ 3 e x p { - 2 r 9 } 2 ^ ( q + k - T ) • (105) 
v o T 

Here we used the notations of Eqs. ( 9 0 ) — ( 9 3 ) . 
The angular dependence is the same as for scatter-
ing with emission or absorption of a magnon with 
k = k0. From Eqs. ( 1 0 3 ) - ( 1 0 5 ) we obtain for 
low temperature the r.s.f . scattering probability 

Q = ( O f V O f 2 + op3) / (op+ Onf) . ( 1 0 6 ) 

4. Conclusion 

W e have seen that generally magnetic and nuclear 
magnetic recoilless spin-flip scattering is possible. 
R.s . f . scattering is an elastic process which occurs 
when the angular momentum involved in the spin-
flip is absorbed by the crystal as a whole. The cor-
responding spin-flip and zero-magnon probabilities 

and x are functions of temperature. 
A s an example we shall calculate them for scat-

tering in iron. There will be no nuclear magnetic 
scattering in this case, as the nuclear spin is zero. 
The total electronic spin is 1 for iron and the inter-
action integral1 0 / 0 ä : 1 6 0 /uß in Eq. ( 6 5 ) , where hß 
is the Boltzmann constant. Using Eqs. ( 8 2 ) , ( 8 5 ) 
and ( 9 8 ) we obtain the following values for p 0 = Hl 
and 0 = 7i/4 

T ° K 0 8 0 2 9 3 , 2 6 4 0 

Q 4 , 6 4 4 , 6 1 4 , 2 9 3 , 5 1 

y.% 5 0 , 0 4 9 , 3 4 4 , 8 3 4 , 7 

y.Q°% 2 , 3 2 2 , 2 7 1 . 9 2 1 , 1 8 

The product x Q° is the fraction of r.s.f. scattering 
in the total scattering. For example at 0 " K , only 
2 . 3 2 % of the total scattering or 4 . 6 4 % of the elastic 
scattering is r.s.f. scattering, although 5 0 % of the 
total scattering does not involve emission or absorp-
tion of magnons. 
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